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Abstract: We estimate the critical capacity of the zero-temperature Hopfield model by
using a novel and rigorous method. The probability of having a stable fixed point is one
whena < 0.113 for a large number of neurons. This result is an advance on all rigorous
results in the literature and the relationship between the capacitd retrieval errors
obtained here for small coincides with replica calculation results.

1. Introduction and Main Results

The Hopfield model is one of the most important models in the theory of spin glasses
and neural networks [H,M-P-V]. It has been intensively investigated in the past few
years (see e.g. book [M-P-V] and references therein). One of the main problems is the
critical capacity which has been studied by means of the replica trick [A,A-G-S]. Here
the valuex, = 0.138. .. (coinciding also with numerical experiments) was found. But
this result is nonrigorous from the mathematical point of view. There are few rigorous
approaches in the literature to estimate the critical capacity of the Hopfield model [N, L,
T]. Here we introduce a novel approach based upon analysis of the Fourier transform of
the joint distribution of the effective fields. It enables us to obtain a new bound for the
critical capacity and also allows us to prove rigorously, for smathe results obtained
in terms of the extreme value theory [F-T].

Consider the sequential dynamics of the Hopfield model in the form

N
ot +1) = sign{ > oy (t)}, (1.1)
J=1.j#k
where, as usual,
) R »
J,k:NZgj‘%gf, N as N — oo, 1.2)
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andg,g (Gj=1...,N),(u=1,..., p+1 arei.i.d.random variables assuming values
+1 with probability%. This dynamical system is determined by the energy function

N
1 -
H(o) = —3 Z Jikojox, (1.3)
Jj#k
where we denote = (01, ..., oy). Itis easily seen that the functidd (o) does not

increase in the process of evolution. Thus, the dynamics of the model depends on the
“energy landscape” of the functioK.(o) and the local minima of the function are

the fixed points of dynamics (1.1). Newman [N] was the first, who proved, that for

a < 0.056, an “energy barrier” exists with probability 1 around every paittt =

g = (El',... EN), i.e. there exist some positive numbérande, such that for any,
belonging to

Qf ={o:|lo — EM)?2 = 2[8N 1},

the following inequality holds:
H(o) — H(E") = eN

(here and below the nori. . . || corresponds to the usual scalar product , ...) in
R™). In other words, it means that

min (o) — H(¢") > &2N. (1.4)
oeQlf

This result was improved by Loukianova [L], who proved the existence of the “energy
barriers” fora < 0.071 and then by Talagrand [T]. One can show, that if such a “barrier”
exists, then inside each open ball

B ={o:|lo — &2 < 2[sN])

there exists a point of local minimum of the functidf(o ), which, as it was mentioned
above, is the fixed point of dynamics (1.1).
Thus, itis clear that the point* inwhichH (o *) = minaegg ‘H (o) plays animportant

ro{e in dynamics (1.1). We shall study the probability of the event, that the p&iifit
Qy with

0]((1,5) __EL (k=1 ...,[5ND, Gk(l,S) =&, (k=1+[8N],...,N) (L.5)

is a local minimum of the functiof{ (o) on2}. This means thak (s 9)) must be less

than the value ot (o) for anys € Q1 which is the “nearest neighbor” ef %% in Q1. It
is easytoseethat,itissoifandonlyifforahny=1,...,[§N]andj = [6N]+1,..., N,

N N
2700 4o 3 JuoY 46 3 TietP =00 (1.6)
i=1,i#k i=1,ij

It is useful to introduce at this point the definition of “effective fields”.
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Definition 1. The effective fields generated by the configuration o on the neuron k is

N
Ik = Ok Z Jrioi.
i=1i#k

Our approach is based on the analysis of the joint probability distribution of the
variablesz;, (k =1,..., N).

Since with probability larger than & =N consE? |l matrix elementsy; satisfy the
inequality

~ £ .
il =5 Kj=1.N), (1.7)
one can derive from (1.6) that, if we denote}ﬁ/the effective fields, generated by the
configurations (1-9)

N
- 1.8 = (L6
Q=" 3" Juio™?, (1.8)
i=1ik
the necessary condition fer>-% to be a local minimum point is
0

min 4+ min %> g, (1.9)
k=1,...,[5N] j=[sN1+1,...N /

and the sufficient condition has the same form within the r.h.s. Thus, if we consider
the events

Aq) = (%) = q}. (1.10)
then the eventM thate (-9 is a local minimum point satisfies the relations
Ugtq'>2 (ml[f:Nl] Ag(CI) mllcvz[gNHl A/?(CI/) cM
C Ugrgr>—z( ml[<5=N1] AYg) mllcvz[SN]-i-l Ag(q/)>. (1.11)
So we should study the behaviour of
Py(g.q) = Prob{ AN A0(q) P gswpsa Af(q’)]. (1.12)

Observe that, in particulaPy (0, 0) is the probability to have a fixed point of dynamics
(1.1) at the point %9, Now let us introduce the new notation:

g =0V (u=1..p k=1..N). (1.13)

Thené,f k=1,...,N),(n=1,..., p)are also i.i.d. random variables assuming the
valuest1 with probability%. Denote

1 X +1 [6N]
~ Helk _ ~0 — _P = —
xk_ﬁl;_ljg_lsk S] = X +(¥Ni(l_26N)a anN = N ’ SN_ N :
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Hereay appears because we include in the summation the termjwithk, the term
+(1—28y) is due to the ternv ~1(£1, ¢ (1:9)), and the sign here dependsiarit is plus
fork=1,...,[N]and minus fok = [N]+1,...N.

To simplify formulae we introduce also

a=ay+1-2y+qg—>aj, aj=a+1-25+gq,

1.15
ag=ay—1+25y+q > a5, as=a—-1+25+4, ( )
which yield
[6N] N
Pu.a)=([ToG—an [] 6Gk—az). (1.16)
k=1 k=1+[§N]

Here and below the symbdl..) denotes averaging with respect to @[‘} (k =
1’... ’N’le’... ’p+1)
In order to formulate the main results of the paper we need some other definitions.
Consider the functiotFo(U, V; «, 8, g, q’) of the form

FolU,V;a,8,q,9") = SlogH(% - V) +(@1-9 |ogy(% _ V)

1 (1.17)
UV + éV2+a|ogU,
where
1 x5
Hx) = —— e 24z, 1.18
) \/27T~/x ( )
Define also
4 e 1.19
Ax)= — —IlogH (x) = ——, .
(x) I g H(x) JEH®) ( )
A12(U, V) = iA(@ ~v)
1,2 ’ - U U P}
1
DWU.V) =5 —8A1(U. V) = (1= 8) AU, V) (1.20)
1
— 58— 941U, V) = AU, V)2,
and
FolU,V;a,8,q,9), if D(U,V)>0
1 a¥
S — 6IogH(—l - v)
, 1-2DU,V [ U
FOW.Via.5.q.9) = . V) » i
+(1—0) |ogH(U - v)] ~UV + 5 +alogU.
if D(U, V) < 0.

(1.21)
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Theorem 1.
1 [6N] N
lim sup— Iog< [ToGi—an [] oG- a2)>
N—oo N
k=1 k=1+[5N]

. D , o o
< maxmin sa, 8 — =1 —. (.22
< maxmin 7y’ (U, V: @, 8.4, 4') = 5 loga + . (1.22)
Remark 1. Note that in all interesting cases (see Theorems 2 and 3 below)

maxmin F2 (U, V: a, 8, q, g') = maxmin Fo(U, V: a, 8, q, q'
maxmi o ( ®,3,9,9") maxm o «.8.9.9")

and one can substitut@oD by Fo in the r.h.s. of (1.22).

Remark 2. The proof of Theorem 1 can be generalized almost literally to the case ( cf.
(1.16))

[6N] N
Prsmi@ad)=( [] 0Gk—a 0% — a2)). (1.23)
k=1+[81N] k=1+[§N]

We obtain

, 1
lim supﬁ log Py 1s:31(q. q)

N—oo
<maxminF2 (U, V;a, 8,8 N~ Zloga + =, (1.24)
= U0 Vv 1 ) ) , 0,01, q’ q 2 g 25 .
with (cf. (1.17)—(1.21))
F1U, V;a,8,81,9,9), if DY(U, V) >0;
o [(5 51) log H(aI V)
1-2piw,v)| ™ U
le(U7 V;a787815q7q/)5 ( )a* 1
+(1-9) IogH(UZ — v)] —UV + Ev2 +alogU,
if DY(U, V) <0,
(1.25)
where
*
FiU, Via,8,81,4,q) = (5 — 51) log H(%l —V) (1.26)
az 15
+ (1—8)IogH(F —-V)-UV+ EV +alogU,
and

1
plwu,vy=@1- 31)—1[E — (6 —81)A1(U, V) — (1= 8)AxU, V)
(1.27)

1
—50- 811 —8)(A1(U, V) — A2(U, V))Z)]

with A1 2(U, V) defined in (1.20).
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Theorem 2. If « issmall enough, § << o®loge—tandg = ¢’ = 0, then

[8N] N

1 1-26
lim sup— log 1_[ 0% — ar) l_[ 0k —az)) < SlogH(——
N—oo N (k=1 k=1+[5N] > ( Ve )
+@1-9) IogH( - 1—_ﬁza) + 0 Y*) + o8logat). (1.28)

Thus, Py (8, a) — the probability to have a fixed point of the dynamics of the Hopfield
model at the distance § from the first pattern has an upper bound of the form:

1-25
P} (8, a) < exp{N[—810g8 — (1 — &) log(L — &) + 8 IogH( = )
1-25

+(1—8)log H( . W) + 0 Y 4 o5loga~Y) + o(D)]).

Remark 3. It follows from Theorem 2, thaé.(«)- the minimals for which Py (5, @)
does not decay exponentially M, asN — oo, has the asymptotic behaviour

N o 1/2a
2w
This result coincides with the formula found by Amit at al. with replica calculations

[A-G-S] and the one, obtained by J. Feng and B. Tirozzi in [F-T], using the extreme
value theory.

Sc(ar) ~

Theorem 3. Denote by A the event that there exist some §,¢ > 0 and some point
0¥ € B}, such that ming co1 H(0) — H(%) > &2N.
Then if for some @ and §

) D o o %
maxmaxmin Via,8,q,—q)} — = lo — ) 0 1.29
na 1axmi {(FoW,V;:a,8,q.—q)} > ga+2+C()< s (1.29)

then there exists some C («) > 0 such that
ProbfA} < ¢ NC@, (1.30)
Here and below
C*(8) = —8logs — (1 — 8) log(1 — 6). (1.31)

Numerical calculations show that condition (1.29) is fulfilled for any ¢ < «a, =
0.113....

The paper is organized as follows. In Sect. 2 we prove Theorems 1, 2 and 3. In the process
of the proof we shall need some auxiliary facts which we formulate there as Lemmas
1-4 and Propositions 1-4. Section 3 is devoted to the proof of the auxiliary results.
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2. Proof of Main Results

Proof of Theorem 1. To make the idea of the proof more understandable we first carry
out all computations whefg*} are Gaussian random variables. Since this part has no

connection with the rigorous proof of Theorem 1, we just sketch the proof, without going
into details.

To find P,{”, which corresponds t&y (see (1.16)) in the Gaussian case, we study the
Fourier transform of the joint probability distribution of the variahtgs

F(¢1,....¢n) = (27T)N/2< expii Zp:fké“k”
k=1
- (Zn)N/2< exp{i Xp: (Nl/ziélfik) (Nl/2i€f>]> (2.1)
n=1 k=1 j=1

p
= @) V2T ™),

n=1
where we use notations
N N
@ =Ny gy, = NTYRY (2.2)
k=1 j=1

It is easy to see that

<el‘ﬁ“ﬁ“> — (h)—lfduﬂdvﬂ (ei(u”'ﬁ“-FU/"le)>e—iu/’“vll. (23)
Thus, using the inverse Fourier transform for the functits, .. ., {y), we get

Py = (Zn—:)LN/Z/IfIQ(xk—ak)dxk/(ﬁdg) exp| —ikéxkgk}ngl,...,m
r N
(27T)(N+1’) / ( ]:[ ”‘””“duudvu)g / dxi0 (xx — ag)
/d§k<eX|o{ — g, + zp: i+ vﬂau)}>
(Zn)N+P /(H ﬂuuv#d”ltdvﬂ H/dxk@(xk —ak)/d;‘ke ok
[T ol st 2wt

n=1
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14
(2n)(N+p)/(]_[e—'"‘ v du “dv” ]_[/dxke(xk—ak)
n=1

fes-e (o] - 50 z
n=1
14 u)Z

}du“dv“)

(27'()( +p)/<nexp{—zuﬂvu

0 (xx — a) (ixg + N1 Zi=114“v“)2
H / dx U exp{ 2 }

’

whereU = (N1 Zfizl(u“)z)l/z. Therefore we have

P 14
— (Zn)_p/ ( I du”dv“) exp{ —iy ulvh— > Z(v“) }

n=1 n=1 u=1

N A7—1 NP
ap —iN ut ot
r1}1< E:M_l ).

k=1

(2.5)

Now let us fixu = {u“}fj:l and change variables in the integral with respedi te
{vﬂ }/L 1

v = \/%(El,ﬁ), v2 = (€2,0),...,vp = (€p, V), (2.6)

where{e;}7_, is the orthonormal system of vectorsR? such that! = (U+/N)~tu*
Then, integrating with respee, .. ., v,, we obtain

p
§ — (271)_(1’_1)/2/ ( Hdu“) /dvlexp{ —iNUvy — %(vl)2
n=1

N8]log H (5% — N —[N§)log H(22 — i
+ [N3)log H(T; —ivy) + (N = [Ns) log H (T2 — ivp |-

2.7)

Using the spherical coordinates in the integral with respe@t amd integrating with
respect to angular variables, we get

PS =T(p) /OoodU/dvl expl(p — ) logU —iNUvy — %(vl)z 8)

al . az .
+ [NS§] IogH(E —iv1) + (N —[N$)) |OgH(5 —iv1)}.

Let V(U) be the point of minimum with respect ¥ of the functionFo(U, V) defined
by (1.17). Let us change the path of integration with respect o (2.8) from the real
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axis to the lineL which is parallel to it, but contains the point= —iV (U). Then,
following the saddle point method, we divide the integral into two parts

o0
P = F(p)/ dU(/ +/ )dt exp{(p —1)logU
0 t|>N=Y3  Jjrj<N—13

N N
—~ NUV(U) + E(V(U))Z —iNUr — Etz

al . az .
+ [N§] IogH(U —VU)—it)+ (N —[N$) IogH(E —VU) - lt)}.
(2.9)

Due to the simple inequality

|H(a +ic)| < H(a)e/?, (2.10)

valid for any real numbers and c, we conclude, that the second integraloid)
exp(NFo(U, V;a,8,q,q)}. Replacing in the first integraFo(U, V(U) — it) by its
Taylor expansion up to the second order term (the first order term is zero due to the
choiceV (U)) and then performing the Gaussian integration, we see that

Py < F(p)/ dU exp{N (Fo(U, V(U); 8,q,q") + o(1)}. (2.11)
0

Applying the standard Laplace method, we conclude that for the Gaussian random vari-

ablest!* Eq. (1.22) can be replaced by the following stronger statement:
k

limsu 1 log P¢ = maxFo(U, V(U); 8 N — d loga + d

pN g U=0" 07" O 2 g 2

N—o0

The difference of non-Gaussian case from the Gaussian one is that we have, in the

L . 2
sixth line of (2.4),[T/_; cos: %”“ instead of[ [/,_, exp{ — %} To replace

the former term by the latter one we have to estimate the difference between them for
differentu, v and¢. To this end we introduce some smoothing factors in the integration
(2.4).

Lemma 1.

N
<H9(fk _ ak)> < Pz\l/lﬁ//z(l— e—hz/ZA)fNeNo(l) + efconsw(s*;v)’l/z, (2.12)

k=1
where
1 o o (u, u) (v, v)
P = e e - -1 i )
N (2n)N+P/dudUEXp ily(u,v) — ey 5N ey 5N
N P u iz
“ 2 s2/9 uCr +v
- A&k AN n(g)e *5e/Ziatk TT cos—=——
1/ Heem

% = (loglogN)™L, Iy = 3 + 3,/1 — 4(e})2, » isafixed positive number and

N1/2+d

Nl/2+d+2hexp!—i§ }
2

2

X = —sin
AN,R () z ¢



148 J. Feng, M. Shcherbina, B. Tirozzi

isthe complex conjugate of the Fourier transformof x v » (x) —the characteristicfunction
of theinterval (—h, NY/2*? 4 h) with some positived and i > (2+)2. Here and below
v=Y .. o), u= . uP), du =[])_  dv* and dw = [}, _; du*.

Remark 4. In fact we can takey, — 0 as slowly as we want, we can even fi¥ = ¢
with ¢ being small enough. However, in this case we have to be more careful to control
the constants which will appear in our estimates.

Now we start to prove Theorem 1. Denote

_ 1 . 20 b ul g + vt
Fyx(u,v) = Z/deXN,h(Ck)e Mg/ 2k 1_[ COST;

F@,v) = [ Fv i@, v).
k

To simplify formulae in the places where it is not important, we confine ourselves to the
casez; = a. Since in this case alfy x («, v) are identical, we could omit the indéx

To replace the product term obs in Eq. (2.13) by the exponent we modify a method
originally proposed by Lyapunov. He employed it to prove that the distribution of the
sum of independent variables uniformly converges to the normal distribution (see [L0]).
To ensure the method to work, the second and the third moments of the random variables
must be bounded. Since in our setting the random variables have the/fdgfnand
vrgl and their moments coincide with*|%3 and|v*|23, we need to remove large*|

and|v”| in the integrals. For this purpose we take = (log N)~! and denote
Xey @, V%) = 0(e3/N — [u))0(env/'N — [vH)). (2.14)
Note that the different powers efy in the 6-functions foru andv are necessary in

our estimates below.
Rewrite

1 . L * k
Pl —/e"l’V("’”)F(ﬁ, 7) exp{ - %N(v, ) — %N(u, ﬁ)}dﬁdi

N7 @nyp
p m P
= ZCZ’/dﬁdﬁ H(l—xw(u“, vi) ]_[ Xey @, v") (2.15)
m=0 u=1 v=m+1

e* et . o 14
. e_TN(“’me_TN(U’v)e_’ZNW’”)F(E, v) = Z C;flm-

m=0

Let us first estimaté,, in the above equation

In| =
|| )7

/dﬁdv ]_[ (1 — xep (uh, "))

n=t (2.16)

p * * N
& _ EN — — R 72
-] XeN(u”,v”)e_TNm’“)e_TN(”‘")l_[/dikl)(zv,h@k)le Mil?,
v=m-+1 k=1
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Now, using the bound

2 Nl/2+d 2
deelR R ‘—sin( )‘ —H/2
/ Skl Xn.n(Si)le Sk @ Sk e 2.17)
< const logV,
we arrive at
I |<econstNIogIogN(S;kv)—pe—mNaj‘vsg/Z
mil = .
Thus,
P
’ Z C[':l[m < e—constNIoglogN’ (2.18)
m=mo

wheremo = [(logN)°] >> (e%) tey*loglogN. In the foIIowing it would be more

convenient to have the integration with respecido. .., »” andvl, ..., v’" in the
wholeR. Therefore, we perform the first product in (2. 15) and revxiﬂjé L, in
the form
mo mo
> Crly =" Culn, (2.19)
m=0 m=0
where
~ 1

m=

p 8* 5* o . .
/dﬁdv [T sew@h vye & @05 @0 inED £ 5) (2.20)

(271)17 v=m-+1

andC,, are some combinatorial coefficients. These coefficients are not important, be-
cause for our choice of (m < mg = o(N)) all of them are of the order™ and after
taking the logarithm and dividing by give uso(1)-terms. Thus, we have

mo
Py =" Culy + O(e™ cOMsIVIogloghy, (2.21)
m=0

To proceed further we define

o (v2, v2)
F™ (i1, 01 U, U2) = EXD{— 5N }

_ {20 _ @€y

a—nh N N (V1,&1)
o (g el )

m w m
Y —Ae2/2—iac w4 2.22
/ CAN.K (e ,[[1(:03 N (2.22)
1 1
exp{ — —(vz, v2) — —(Mz, 2)¢ — _(L‘Zv u2)§ }

where
Nl/2+d 4 2h

= L _ _1 2
Huno® =7 o s r) exp| S+ lar. (223
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Here and belowi; = (!, ..., u™) andv; = (W1, ...,v™), a2 = WL, ..., ub),
T, = (T vP), so thatw = {u1, U2}, v = {u1, u2}, &1 = (£1,...,&") is the
random vector with independent components, assuming vailiesith probability%,
(...) means the average with respecttoandU = [+ (2. 12)]"/2. Expression (2.22)
is obtained from (2.13) by changinrgs in the produciﬂﬁzmH by the correspondent
exponent and then by integration with respec;to

The main technical tool at this step is a lemma, which is a modification of the Lya-
punov theorem.

Lemma 2. For any it2, U2, A2 such that [u”], [v"], |A"| < ey~/N and any i1, v1, A1 the
function

R (i1, W1; U, Wp) = Fy (i1, W; iz, Wa) — F™ (y, W 2, Wa)

admits the bound
Ao, A .
IR @y, w0y, ) < consieh (14 P2 22) 02 4 )12
o _ - - 2.24)
MT2.72) (L) IS (
- ex — — ex — consts —_— 1.
p{ 4N(U2+A)+ N }+ p{ vETN ]

Hereand beloww = 7 + iA.

This lemma allows us to replace in our formulBig by F in the following sense.
Let us write

- 1
" @r)p

p
/dﬁdi [ ew@" v")expi—ily @, v))

v=m+1

(F™ (@1, 51,7, 9) + R™ (i1, 51, T, 1)) Ve~ 2 @D~ 2 @0 (2.25)

N
= Zcxlm’k,
k=0
where
e /dﬁdv ]ﬂ[ Xey (W, ") VED (FOD 1y 5y, )N
m, (27[)]7 o EN ’ ’ s

- (R" (i1, By, W, U)K e~ 2 @V~ F @D,

Lemma 3. For k > ko = [N log=%2 ¢

k| < eVOSYen) 2 (e%) 2P exp{—kconst loge 1.
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/2
Neonstlod’2ex" and so we can neglect

Thus, we get that fat > ko 1,,, x have the orde#s™
these terms in (2.25).
Now we shall study the leading terms in the r.h.s. of Eq. (2.25) (with k¥ < ko).
In fact, the next step is a version of the saddle point method (cf.(2.8)—(2.11)).
Let us take any real fixe and change the path of integration w.r.7g from

the product of interval§—ey+/N, ey+/N) to the product of the paths} U L}, with
Ly = (—enV/N — M2 ey /N — 2 and L) = (—en /N, —en/N — 25 U
(eyv/N — ’V” sN\/—) (v=m+1,...N). Itcan be done, since all our functions are

analytical wrt0u”, o
Then take any real*, such thati1, A1) < N const and choose the paths of integra-
tion with respect t; asL* = {w* = t* — iA*, t* € R}. Finally, we get

(27‘[)P Z p— m/dulfzn L” dwl/ p—n LV dw3

v m+1
N * (W.1)/2 &% 2
/ dw4/ ditadiige o8 @ 0)/2p=ey @)/
M, wials =3 VN (2.26)

. e—ilzv(ﬁ,ﬁ) (F(m) (ﬁ, w))N—k(R(Wl) (ﬁ, w))k

Z mkn

m,k

Here and belowt = {u1, u3, ua}, w = {w1, w3, wa}, Wwherewu, w1 are the same as
before and we divide vectots, andu» intwo sub-vectors, = {us, us}, wr = {ws, wa}
in such a way that4, w4 include the last components ofi, andw> respectively.

Now let us get rid ofl,, « , with sufficiently large:. Similarly to the proof of Lemma
3 on the basis of Lemma 2, we get

] < €V SO (eRy) TP SNV expl (R, Ry) + NV}, (2.27)

So, takingn > ng = [8;,5/2], on the basis of (2.27) one can conclude that we need to
study only the firskg terms in (2.26).

We remark that starting from this moment, we shall distinguish the termsnvihd
az. Denote

a1 —h— VU — N2y, &) (1, 6D\

N )exp| N f

ap—h— VU — N~Y2(, 51)) exp{ (A1, &1) })H
UZ+ A

In _ = 1
exp| — (@ R0 — UV + 5V,

Gy, Vi, ) = (H(

.<H(

(2.28)

Lemmad. Let Gy, k.o (V, u1, A1, u3) bethe function which we get, if in (2.26) integrate
with respect to w1, w3, u4 and w4. Then
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|Gm,k,n (V7 ﬂlv Xl’ ﬁg)'
< (20) PP(G(U, V. iy, )N e T @I ENeD (3 29)

Hereand below U = [N ~Y(u3, u3)]1Y/2, sothat U2 = U2 + N~(uia, ua).

Once we have an upper bound @y, « , we can estimate all thg, in (2.21). Letus
study first the term witlw = 0. Consider the function

ai—h—VU az—h-VU
FintU. V) = 8logH (S 7mmem) + A=) log H (% o) (2.30)
—-UV + EV2.

Let V(U) be chosen from the condition

FoU,V(U); @, 8,q,9") = I”Q/info(U, Viad, q,q"). (2.31)

The functionF, (U, V (U)) and the functions which appear in the exponent of (2.29)
for m = 0 satisfy the inequalities of the type

U2

FunU,VU)) <alogU — -

(it follows from logH (x) < 0 andV (U) < U). Thus, sincer; 2 — “iz andly — 1
asN — oo, on the basis of (2.29) for = 0, we get

Vol < (2) 772 / dii3 expN[Fo (U, V(U)) + oD},

wherely is defined by formula (2.20) for = 0.

Remark 5. Let us note that here we have use the following simple statement. If the
continuous functiong (U), on(U) (N =1, 2,...) (U € R4) satisfy the inequalities

p(U), pn(U) < —C1U%, U > 1L,

¢U), ¢n(U) < C2logU, U <e, (2.32)

with some positiveC1 andC2 and¢y (U) — ¢(U), asN — oo, uniformly in each
compact set iR, then [ exp{N¢n (U)}dU = e*N) [ exp(N¢(U)}dU. The proof of
this statement is very simple, and we omit it.

Below we shall use this remark without additional comments.
Performing the spherical change of variables and using the Laplace method, we get
now

ol < eXPNIMaxF,, (U, V(U)) +alogU — %Ioga + % +oM]}. (233

To study the terms with # 0 we chose.1(U, V, 1) in such a way that

G (U, V,u1, \(U, V,u1)) = min G (U, V,uz, k1), (2.34)
A1eERM
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where the functiorG}, is defined by (2.28). Then we use the inequality, which follows
from the fact thatlog H (x))” < 0,

H(x +y) < H(x)e AW (2.35)

with the functionA (x) defined by (1.19). On the basis of this inequality we get

2—h—VU - N2 yrel moo gk
<H(a12 e p=t¥ 1)exp[l§l,w\/_1ﬁ)

w
ay N 0
§<H( J— )exp{Z(A u +A)ﬁ>
(2.36)
_H(alz—h—VU)l—[CO AL uk 4
B JU VN
a12—h - VU 1 G j a2
< H( JUZ 1o )exp[zN;(Alvz ot
where
—h—VU
AL = U2 4y 2 ( ). 2.37
( ~/U2+)\ ) ( )
Thus,
- _ ar—h—-UV
G* (U, V, i, (U, V1)) < explslogH (L2127
(U, V.01, T (U, V. )| p{ 9H (= )
1-8)logH (L2 _yuv + v
+( )log ( Ty ) NUV +5
8 0 L a2
+rmn|iﬁ z_:l(Al ut 4+ AH) (2.38)

1 8 -
+>— Z(A“ Pk 4312 — Z )J‘u“i| }
p.:l

Taking \* = (1 — A(f*”)a — A(zk’h)(l — 8))ut*, which give us the minimum of the
expression in the r.h.s. of (2.38), we get

_ h—UV
GV V. Ta(w, V)| = expN[slog ()
2.39)
+(1—6)IogH(TH)—UV+§V ]—D w, V)(ul,ul)},

where D*M (U, V) is defined by (1.20) if we substitute theté; »(U, V) by
A(k h)(U V). From (2.39) it is easy to see thatlif*-") (U, V) > 0, then
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. o _ e
4Gy (U, V.70, (U, V. @) expf — 2@, )

< (No® exp{N[S |ogH(aI_Uh%) + (1 -8 log H(%)

UV + %vz]}. (2.40)

If D&M (U, V) is negative, we use

Proposition 1. If D&M (U, V) < 0, A and h are small enough, then

o _ - _ N — _
‘/dule(U, V,u1, MU, V, u1)) exp{ - 7(141, ul)}‘

< exp N[ ) IogH(aI_h_UV>
= 1-2D*-M (U, V) T
1-34 as—h—UV 1
log H ( -2 —UV+ZV2+o)|}.
T 1 2pen @, vy 9 ( NEw ) Vol )]}

(2.41)

Thus, on the basis of (2.39) and (2.41), we have got that forraimgependent
finite V,

_ c*
| [ A6, V. 1, U, V,m) exp] — S (@) + @, 7)) |
< exp{N[F, (U, V) + o(D)]},
where forD*M (U, V) < 0, ]—‘fh(U, V) is defined by the expression in the exponent

in the r.h.s. of (2.41) and foP*M (U, V) > 0, it coincides withF; , (U, V). Then,
choosingV to minimise this estimate for arty, we get

_ g%
[ dm| [ w6, v Taw. v ee| - B + @ ||
. D o o
< | dU expiN[me]-‘A,h(U, V)+alogU — > loga + 3 +0(l)]]. (2.42)
Thus, for anym < mg = o(N),
| < expNImaxmin 72, (U, V) + alog U} — % loga + % + o]}
Hence,

Py < exp{N[m(?xmvin{]-‘fh(U, V)+alogU} — %Iogcx + % +o(D)]}.
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Therefore, on the basis of Lemma 1, we have

[6N] N

. 1 - -
lim sup— Iog< l_[ 0(F — a1) l_[ 0k — a2)>
N—o0 k=1 k=1+[sN]

< ml}elxmvin{]-'fh(u, V)} +alogU} — %Ioga + % +0(1).

We get the conclusions of Theorem 1, after taking the lirits- 0 and therh — 0.
m|

Proof of Theorem 2. To prove Theorem 2 let us show thatvis small enough to satisfy
the condition

e % < o, (2.43)

then

k k
. D . Cll—Ol _ az—a
mUaxmvln]-'o U,VvV;a,s,0,0) < IogH( Ja )+(1 8)IogH( NG )

+ % loga — % + 0823 + 0@V

= }—0(\/&, \/a; «,6,0,0) + 0(820[73) + O(efl/a)_
(2.44)

By virtue of the conditiors << «2loga~1, we get then the statement (1.28) of Theo-
rem 2.
We start, proving (2.44) fob/ > 2/

Proposition 2. If U > 2./, and V(U) is defined by condition (2.31), then /o <
V{U)<U.

On the basis of Proposition 2, we get

1
FOW,vU);a,8,0,0 <alogl — V(U)U + E(V(U”Z
(2.45)

5a|ogU—J&U+% Salong—2a+%.

Here the first inequality is due to lag(x) < 0, while the second and the third follow
from Proposition 2. But, using the asymptotic formulae

H(x) = 21+ 0(1/x2) (x >> 1),

1
x/21
H(x)=1+ Le—xz/z(ur 0(1/x%) (x << —1)

X2 ’

and conditions << a®loga~1, itis easy to get that the r.h.s. of (2.44) is

(2.46)

FolVa, Va: a, 8,0,0) ~ «logva — % + 0@ > alog2J/a — 2a + % (2.47)

This inequality and (2.45) prove (2.44) for > 2,/a.
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Now let us check (2.44) fot/ < 0.5./a. To this end let us write an equation for
V (U) which follows from (2.31),

U:V+5A($—V)+(1—5)A(%_%)—v), (2.48)

where the functiom (x) is defined by (1.19). By using asymptotic formulae

—x2/2

A(x) :x<1+ 0(%)) (x >> 1), AQx) = e@ (1+ 0(%)) (x << —1),
(2.49)

we get that in this case
VU) = U + o(a?).

Therefore

1
FEW, V(U);@,8,0,0) <alogl — VU)U + E(V(U))Z
U2 (2.50)
<alogU — - = alog 0.5« — %.

Now, using again (2.47), we obtain (2.44) for< 0.5\/«.

Now we are left to prove (2.44) for.8,/a < U < 2,/a. Let us prove first that for
thoseU the functionD (U, V (U)) defined by (1.20) is positive. To this end we use again
asymptotic formulae (2.49). Then we get

AU, VU) =U"?+ 0@ = 0@,
A2(U, V(U)) = O(a Y278 = 0(Ja).

Here in the last equality we have used (2.43). Using these estimates, it is easy to obtain
thatD(U, V(U)) > 0 and therefore for 8./a < U < 2/«

fé)(U, V{U);a,s,0,0) = mVin]-'o(U, V;a,$,0,0).
But
ml?erjnfo(U, V;a,8,0,0) < mUax]-'o(U, U;a,8,0,0
U? aj a;
- mUax{oeIogU - +8logH(U - U) +(1-9) IogH(U - U)} (2.51)

Taking the derivative of the r.h.s. of (2.51) with respecttave get:
0 Fo(U,U;a,$,0,0)
8U O b b a? 9 b
_x_ a “a_ _o(% G _
=Z-U +5(U2 +1)A(U U) +a 5)(U2 n 1)A(U U). (2.52)
Using asymptotic formulae (2.49) we get the equationiférwhich is the maximum
point of the r.h.s. of (2.51):

5
= U+ 0(=53) + 02 =0,
o
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S0
1)
* —-1/2a
U* = Ja+ 0(—a3/2)+0(e ).

= 0, the Taylor expansion for this function starts
U=Ju
from the term(U — /@)? and we get

. d 1,
Butsmceﬁ (a logU — EU )

Fo(U*, U*; a,8,0,0) = Fo(Va, Va; @, 8,0,0) + 0(8%a~3) 4+ 0(e~V9).

Hence, we have proved (2.44) and so (1.28) is proven.
Now one can easily derive the estimate Rjj (6, «) from the inequality

P8, a) < CRN Py (0, 0),

where Py (¢, ¢') is defined by (1.12). Thus, we have finished the proof of Theorem 2.
O

Proof of Theorem 3. It is easy to see that if for songe> 0 for any local minimum point
o* in @}, we can find a poir&** inside the ballB}, such that

H(o*) — H(o™) > 2N, (2.53)

then the even#l takes place. Le[t)c,j},fc\’:1 be the effective field generated by the config-
uratione™*. Considerl (6*) C {1, 2, ..., N} - the set of indexes,, . .., i;ys; SUch that
ai*éil = —1.Assume thatthe numbat ofindexes < I (o*) forwhichx < —(%+a)8,

is larger thare N (we denote the set of these indexed by *)). Then consider the point
o**, which differ fromo* in the components witfe N] + 1 first indexes € I, (™),

and coincides witho* in all the other components. Since we have changed only the
components o * with indexes € I.(¢*) C I(6*),0™ € Bal. On the other hand,

1 -~
H(o™) — H(e™) = §<J°(o** —6%), ("™ +6%))
1 -~
=-2 ) X'+ E(Jo(a** —0%), (@™ —a*))
iel,(6*) (2.54)
> (14 2u)e?N — %((o** —6%), (6™ —a*))
> (1 + 20)e?N — 20e’N > 2N,

\lvheref]O isgefined by (1.2) with zero diagonal elements and we have used the inequality
P +al=J>0.
So, we have proved that

A Ugs0Bs, (2.55)

where B, denotes the event, that for any extreme peihte QF, the number, of
indexes in the sek. (o) is larger thare N. Hence,

A C Ne=oBe, Prol(A) < infO Prob(B, N Kz) 4+ Prob{KC;}, (2.56)
&>
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where the evenk; means that inequalities (1.7) hold. Let us note now thatorre-
sponds to the event, that there exists a local minimal pdird Q1 suchthatv, < Ne.
Thus,

[eN]
ProbB. N Kz) < > cYMcly Prous?, N Ks). (2.57)
k=0

whereng denotes the event, that the poarit-®) of the form (1.14) is a local minimal
point in Q1 and;?l.o < —(% + a)e fori = 1,..., k. Taking into account that under

condition (1.7) the necessary condition fof-% to be a minimum point is (1.9), we
obtain that fork # 0,

1
ProbB%, N Kz) < Probiz? > —(— —i—a)s, i=k+1... . [5NI:
2 L (2.58)
B2 —F j =[N+ 1. Ny = Py~ G +a)e -2
And fork =0,

B0 Kz € (P49 (5 +)e) Mg A%D) U Uy ac0510C(@),

(2.59)

whereA%(g) is defined by (1.10) and

= i 0 i 0= _¢g—5
Cg) = {i=1T.I,TaN]x’ >q, j:[Mr/T]lJqu """ Nx] q 8}. (2.60)
But it is easy to see that for any > 0, if we denote
Alq. —q — &) = A q) 010 AV—q — A — B,
then
Uo<r<1C(q +1A) C Alg, —q — A — &)

(2.61)

=ProUo</<1C(q +tA)} < Pn(q, —q — A — ).
To have an upper bound for the valuegofvhich we need to consider we use

Proposition 3. For any positivea < 0.113and § < 0.6c2 there exists go(«, 8), such
that for any d > 0,

Profu, _ . +iC@)} < exp{—NCg},

where C; > C*(8) with C*(8) defined in (1.31).
For « < 0.113 § < 0.00645and § < 0.6¢2 go(, 8) < 0.13.
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On the basis of this proposition, we can restrict ourselves by < go + d and,
using (2.59)—(2.61), write

ProtiB N Kz} = Py - (% +a)e, ) + % Py, —E— (I +DA)
=1

< PN( - (— +Ot)£, a) +M max Py(g,—q—A—8)+e N,
0<g<qo+d
(2.62)

whereM = w. Now, using Theorem 1, we get from (2.56), (2.57) and (2.62),

Prob(A N K;) < exp{—NCj}
M + DYV expN[C(@. 8. 8. 6. A) + o(D]},  (2.63)

where

1
C@,8,8,6 A = max[ max maxF (U: a6, 81, - ( —i—a)s, &) - Zloga + <.
0<é1<e 2 2 2

1 o

- D ~
maxmin Uu,v; ,8,—(— , — )——Io —;
12 V}'O( o 2+a)8 g > gol+2

o 07
max maxmin FP2 (U, V;a,8,q, —g — A — &) — — loga —].
g>e(05+a) U V 0( 974 ) 2 9 +2

Since]-'é) and]—‘lD are continuous with respectiq ¢’, 81, we get forA, ¢ — 0,

Prob(A N K;) < exp{N[C(e, 8, &, d) + o(1)]} + exp{— N(C;—C*(8)}, (2.64)
where

C(a,8,d,) = max maxmm{]-‘0 U, V:a,8,q,—q — &)

<g< U
0=q=qo+d (2.65)

— Eloga+ 5 + C*(8)},

and therefore

Prob(4) < exp{N[C(a. 8, &, d) + o(1)]} + exp{—N(C; — C*(8))} + ProbKs}
< exp(N[C(x, 8, &, d) + o(D)]}

+ exp{—N(C; — C*(8))} + exp(— constv &2 }.
(2.66)

Since (C; — C*(8)) > 0 for all d > 0, we conclude, that if for somé > 0,

C(x,8,0,0) < 0, then we always can choogeandé small enough to provide that
all the exponents in the r.h.s. of (2.66) are negative. Thus, we obtain the statement of
Theorem 3.
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Proposition 4. Consider the functions

®(U, ¢, a,8) = min {]-"o(U, Vi, 8, g, —q) — < loga + < + C*((S)},
v 2 2 (2.67)
Po(g, a,8) = mUaXCD(U, q,2,8) =dU(q,a,08),q,,).

If for some 0.071< a1 < a2 < a., 0.0035< § < §. = 0.00778
0D 0D
®0(0, a2, 8) < 0, 8_(U2’ 0,a2,8) <0, 8_(U1’ 0, a2, 8) >0, (2.68)
q o

then ®o(g, @, 8) < Oforanya; <a <azand0 < g < go. HereUy = U(0, a1, §) <
Uz = U(qo, a2, 8).
Ifalso s < ke (ke = ) and

o o
max min (U, V: «, 8) + C*(§) — = lo — <0, 2.69
e o ( a,d) + C*(3) > 905+2< ( )

then C(a, é, 0, 0) defined by (2.65) is negative.

From (1.29) it is easy to see that to find and 5. we should study the field of
parametersy, § where (0, o, §) < 0. Let us fix for the momen& and study the
behaviour of the functiog(0, «, §) as a function of. We find, that it is negative for
0 <6 < 81() andda(a) < 8 < 83(a). Butfor0< § < 81(a) C(a, 6, 0, 0) defined by
(2.65) cannot be negative, because if it is so, then according to Theorem 3, there exists
a minimum point inside the baB(sll. But by the virtue of Theorem 1, the probability to

have the minimum point im% (8 < 81) vanishes, ad/ — oo, becaus&y(0, a, §) < 0.

Thus we should stud§s(«) < § < §3(e). Whena increases|ds(a) — 2(«)| decreases
and fora = a, §3(a.) = d2(ac) = §.. Then evidently

0D
®o(0, e, 8) = O, 8—8"<o, e 8e) = 0.

Sowefind fromthese equations, that= 0.11326...,5. = 0.00777... Unfortunately,

for this (a., é.) condition (2.69) is not fulfilled. So we take a bit smalle= 0.113 and

3 = 0.00645, for which (2.69) is fulfilled. Then, using (2.68), we obtain the statement
of Theorem 3 for all M71 < o < 0.113 in three steps:

(1) 01105< & < 0.113,5 = 0.00645;
(2) 0.095< & < 0.1105,5 = 0.0042;
(3) 0.071< & < 0.095,5 = 0.0035.

Fora < 0.071 the statement of Theorem 3 follows from the result of [L

3. Auxiliary Results

Proof of Lemma 1. At the first step we check that, &, are defined by relations (1.14),
then

<9()Ek _ (ak + N1/2+d))> <e” COnstN1+2d'
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To this end we use the Chebyshev inequality, according to which

p N
i —T(ap N2 < {i © /t})
= e [1{eely 2
u=1 Jj=1

= mine T@ N ( coshi) v
N

(O(Gx — (ax + NY?Hdy) < min(exp{z % — 7 (ax + NY/Z+dyy
>

>0

. 1/24d T2 Wl+2d
m|(r)1exp[ — 7(ay + NV?* )+a7] < e cons .
>

<
Thus,
N N
<l_[ 0(xXk — ak)> = < 1_[ 0% — ap)(@(ay + NY2Hd _ 5
k=1 el
+ 0k — (ar + N1/2+d)))>
N
= 0 (X — ay)b NY2+d _ ¢
- [[1 (e~ aoota+ ) 3.1)
N
2V (0 G — (ax + N2
k=1
N -
< <l_[9(ik _ak)e(ak +Nl/2+d _ik)>+€_consw + )
k=1
Consider

D}L’g}kv(-xla Ce XN) =
N —13y- N Iy
eXp{ =3 2 k1 G+ valNl‘J)jklexk — 32k S*NlNljfk}

12122 )N /2de /21l + £%1313)

)

wherel is a unit matrix and is a matrix with entries
1 P
He
Tk = D EEL
n=1

We study the compositiolﬁ)k,g;fv x [ ] xn.n Of this function with the product of x5 (xx)
(recall that(f * g)(X) = [ f(x —X")g(x)dx"). Let us check that for 6 x, < N2+,

N
l—[G(Xk)e(Nl/2+d _ -xk) < (1_ e—hZ/ZA)—Nl][://Z
= (3.2)
en L3 N
. . /2 N .
(DA,SN * l_[XN,h>(xl’ .. .,XN)dell {l + MNJ} exp{ 2y Z J]k}.

Jk=1
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Indeed, by definition of composition,

(DM; [ Toowan) . ...,xN>det1/2[M + %J] expl% i ij}lﬁ,/z

J.k=1

(Zn)N/Z/ [ Z (Al + NJ),k (xj — x7) (xk —xk)] l_[x;v n(xpdx;

k=1
1 1 . o
> W / eXp[ TS Z(xk —X) } 1_[ AN.h (X dx;,
k=1 k=1
A
- («/;n /dx/ exp] - %]XN,h(X/)>N~ (3.3)

But for x € (0, NY/2+d),
(x — x' 2
I = / ax’ exp - T)}(l )

— /_: exp[ _ e —x) ;)Lx/)z }dx’ + /OO exp[ Gt P ;kx/)z }dx’

N1/2+d p
—h N2 o0 N2
(x") p (x") , _2h _n?
sf_ooexp{—i}dx +/h exp{— > }dx 57e 2%,
So forh > (2)1/2,
/d exp] ﬂ}xN 1) = (V- =) = Vi - e %),
2 2) ’ 21

Thus, we have proved (3.2) fof € (0, N/?+?), Besides, using the inequality leig+
x) < x,we get

defL/Z{I lN J}—exp{‘ > '°g< MN ’)}

riea(d)

fexp{% Z eN x,»} (3.4)

ri€o(J) My

* *

ZeXp{z)\l m} eXp{zuj{VN }

Hereo (J) is a spectrum of the matrik
Therefore, it follows from (3.2) and (3.4) that fef € (0, N1/2+d),

N
l_le(xk)e(Nl/2+d —Xk) < (1_ e—hz/z)»)—Nlllz/Z
- y oo (3.5)
SNOl
~exp{ 2l }(Dx,s;, * l_[XN,h)(xl, .- ~,XN> exp{ 2y Z ij}

J.k=1
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But for all the other values dfr} the I.h.s. of this inequality is zero, while the r.h.s. is
positive, so we can extend (3.5) to &f,} € RY.

Besides, according to the Chebyshev inequality,

Prob{ ijk < N(S;‘V)—l/z} < t@g e—r(s;‘v)—l/zNE{erZJ,«k}

— mine—TEW V2N o L
min e~ Cx {eXp{rZNéﬁk” (3.6)

< min exp{ —(ef) V2N — Iog(l— r)}

1>t>0

< exp{— const(e}) /2N,
Here we have used the standard trick, valid#os 1,

E{exp{rZ%é}ékl” = (Zn)—l/ZE{/dxeXp{ —ﬁX% Y g - %2”

N
— (27) 12 / dx(cosh%) 2= (1- )" Y2(1+ O(N7Y).

Therefore finally, on the basis (3.1), (3.5) and (3.6), we get

N
<l_[9()?k - Clk)> < o~ N(ej) ™2 const
k=1
3.7
econstN(s;,)l/zl}Ii’/Z N 3.7)
Yl N Dy ey, * 1_[ XN,h)(il —ag, ..., Xy — aN)>-
( —-e ) k=1

Now to finish the proof of Lemma 1 we are left to find the Fourier transfdﬁm;V
of the functionD,\,g;],

~

Byt @) = 271) N/Z/dfe’“ 0D, . (@) =1 ””exp{—%(? 7
ZINN (ng 9‘) 2y e Zé"

_ Az )
=3P/ exp{ - 5D~ ZI—N Z((ﬁ”)z + (5“>2)},
n




164 J. Feng, M. Shcherbina, B. Tirozzi

wherei* andv* are defined by (2.2). Then

N
<(DA,57V « ] XN,h)(il —ai, ..., XN — aN)>

k=1

N N
= @™ [ TTdaivaco ept-iac) (b @exi - o)
k=1 k=1

N
_ R . A
= ZNP/Z(ZN)N/}!_[ldé“kXN,h(Ck)eXp{ —iagk — Eé“kz}

<exp{ u“) + (512 —i—luu})

N
(3.8)

Let us use the representation (cf. (2.3) )

(exp] - ﬁ((m2 + 92 + et )

jy2
= —/du“dv“< exp[ > N @2 + "2 — ilyut ot + iutat + iv“ﬁ”}),

where we have taken into account, that by definition (see Lemma £ 112\, + (e;“v)z.
Substituting this representation into (3.8), we get

N
(Poey * TTowan) Ga = aa, . i = aw))

k=1

N
A )\' ;
= (Zn)_N_”/HdeXN,h@k) EXP{ - Eébkz_’akfk} l_[/duﬂ
k=1 ®

* * N n I
-dv* exp{ —jutvH* — %N(u")z — %N(v”)z} Hcosm% = PAl,.
k=1
(3.9)

Inequality (3.7) and this representation prove Lemmam.
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Proof of Lemma 2. TakeL = 68% and consider an intermediate functions:
N

L
o . a2/
FO (@1, v1, o, vz)Ef At Fn p(Ge)e Mk /2miak
—L

ut g + wh 1_
. cos—=——— exp] — = (U2, W
Ml;[m NG p{ N(2 28k

(3.10)

1 5 P w”
- —(ﬁz,ﬁz)ék] ;
2N v>m W
ut g + wh

VN

L
Fyp (1,01, T2, ) = f AR (G 50/ 2 e Hcos
_ P

Denote aIS(FC('") by the same formula aEfZ") with L = oo.
Then

R™ = Fy — F™ = (Fy — Fyy) + (FyL — F}") (3.11)
+(FSY — Fy 4 (Fm — Fm), '
One could easily estimaté’y — Fy1) by using the simple inequalities

(A2.x2)

(Fy — Fyp) @ o)) < & e RIP g, < ooy (3.1)

2t Jigi-L

Let us estimate\"” = Fy, — F.2". To this end we consider

v v 2
f&) = log cos% " %02

+ % @, m)
and use the inequality
7@ — e/ O < | £ () = FO)I(e” ] +1e7O)).

Then, since<e Zand[u”|, |v"], 12" < en+/N, we get

S 1Yl < Led <

V)2 Vo,V
£~ 1O < Il @1 = 1| 3 - J_gsu\/%w e

(3.13)

VN
~ 1
< flalconst{ T21al® + = D (' B+ 12"D)).

v>m

To estimatde/ )| we use the inequality, valid fbiz| < %,

1 1
St(log cosz + Ezz) = (% (3.14)
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(The proof of this inequality is given at the end of the proof of Lemma 2.) It follows
from (3.14) that

p v v v 12 2
_ Skt Fwh o (Gu” +wh)T (W)
R £ (o) = %{ Z [Iogco., Tt o ]}
nu=m+1 , , o (315)
(3{gku” +w"} M)} (U2, v2) | (A2, A2)
<) 2N -2 oN -~ 2v TN

v>m v>m

Therefore we derive from (3.13) and (3.15) that

£ Uo, V- o T2
H COSM _ exp{ (w2, v2)5 (w2, u2)¢f
v>m \/ﬁ N 2N il

1 _ _ 1 _ _ : .
= EXP{ = 2. 02)8 — o (@2, uz)ikz}|ef@") — /O]

- V2, 02) + (A2, A
< consteh (071 ° + P22 L Fa k) (3.16)
N
(202 S S ey
(u2,v2)  (v2,v2) | (A2, A2)
Lol - T e -
;,3(72 (12, U2) vV 4 inY
+exp{ T }vl:,[n’COS ol
Using inequality (3.14) forcos%| (v > m), we get
|R"™ (i1, V1, Wz, V2 + i ko)
- V2, T A2, 22)\ _
58,2\,/d§k(U2|§k|3+ (v2 vz);( 2 2))6 322
" In 2772 U2, D A2, A
l—[ ‘cosu Sk +w )exp Y _gk(uz,vz) (vz,vz) (2, 2)
oL JN 2 N 2N
)

— pa— . -~ — —_ 2 —
<2 const(1+ (2, v2) + (A2, Kz)) exp{ _ (02,02 (2, v2) (A,

NVU2+ 2N N2(U2 + 1) N }
(3.17)

Now to obtain the estimate of the form (2.24) we use (3.23) and the inequality

— — ~2 — —
(v2, v2) - 20743 { A(v2. D2) }
2N A AN (U2 + 1)

Combining them with (3.17), we get
|RU™ (1, Dy, Uz, Tp + i ko) | < €% const(U? + 1)Y/2 (3.18)
A2, A M(V2, T ok
.(1+( 2, 2)>ex {_ (V2. U2) +( : )}'
N AN (U2 + 1) N
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To estimate F" — F\"™) we use again the inequality (3.14) ﬂaros%| (W > m),

— o G Wa.v2)
IF @, w) — F™ @, w)| <e ¥ e 2%

~ _ 12
/ del Xnn(Ce) e 472
[¢k|>L

1 1
exp{ - N(uz, v2){k — ﬁ(uz, uz)é“k}
< e(kivi/ dge 512 < conste ¥ ¢~ consty”,
[Sk|=L (3.19)

Thus, we are left to estimate the difference
F (@1, w1, w2, W) — F (w1, W1, U2, W)
a — i(itp, o) — 150
,h,[}(

1L <151)>< w’ _a@pwp)
¢ )T cos e — 5 ) (3.20)
) N

w>m

-,

The last multiplier here can be estimated by the same way as in (3.10)—(3.16). Then
we get

) H cos wo_ e_(w%}vwz)‘
n>m \/ﬁ
w b w Ul 9 0} X 9 X
< cons:'rs;z\,—Kw2 w2)| exp{ - (vZ;Z) + (A2, A2) } (3.21)

To estimate the first multiplier we use the boyit), , ;(a +ic)| < e?/2, Thus,
a—i(uz, w2) — % i1.E7)
(oo () )
o U241

o, U9)2 G151 SV — 2
Sexp{w}<eﬁ>§exp{(/\lvh)+ (@2, B2) }

By the same way as in (3.16)-(3.18) we can obtain now from (3.20) and (3.21) the bound
of the form (2.24).

Now to finish the proof of Lemma 2 we are left to prove inequality (3.14). For
z = x + iy (x,y € R) by the simple algebraic transformations we get that (3.14) is
equivalent to the inequality

%(cosh 2 +cos) < 2 (3.22)

Since cosh < esz, to prove (3.22) it is enough to prove that

cos A < 2 (27 — 1),
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which evidently follows from
COSx < (20 —1) <= cosx <e */2

Since the last inequality is valid fox| < %, we have proved (3.22) and so (3.14).
Lemma 2 is proven. O

Proof of Lemma 3. We use (2.24) to estimate the integral

SN«/N . _ 57\; o
Ir/n k= / dﬁze_’[N(EZ’UZ)e—T(vz,vz)

’ —snV/'N
(FO Gy, B, T, 0) YRR @, T, 02, T

By using (2.10), which is evidently valid also féf,, , ; we get

(12, 72)*  (U2,02) }
2N2(U2 + )) 2N

- exp{ 3 ?»(U~2, v2) } - p{ B ?»(5~2, V) }
- 2NWU2+10)) — AN (U2 4+ ))

The second inequality here can be obtained if we observe that

|F™ (@y, D1, 2, U2)| < exp{
(3.23)

(12, V2)? 2

N2(O2+2) U024

(Pyv2, v2),

whereP, is the orthogonal projection operator on the unit vectdy~*N /i, and
use the trivial inequality — U’é’—;PM > 0;+AI . Note also, that we replace in (3.23) 2 in

the denominator by 4 in order to have the same factor as in (2.24). Hence, on the basis
of Lemma 2, we have

env/N
e / 53] (F (1, B, 2, 72))N ™ (R™ @y, B, 2, 72!

—E&N N
JN _ _
SekconstSIZ\;c(l}Z_i_)\)k/g/eN dizeXp{ _ M2, v2) S (V2, vz)}
—en/N 4U2+ 1) 2
+ ekconstefkconst‘s;,“/dﬁ2 exp{ AN —f)(ﬁz,ﬁz) ek (52,52)}
AN(UZ2 + 1) 2

< eNconst(02 + )L)p/zgjzvk + ekconst(g*N)—p/Ze—k COnSTg;,“.
(3.24)

Substituting estimate (3.24) in the expression/fpy. integrating overi1, v1, andU we
get finally

] < (/(02+A)p/ZUp—me—stvUz/ZdU)eNConst(SN)Zk

—4
+ekconst(sj<v)—pe—kconsteN ]
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Using the Laplace method for the integration with respeé @nd taking into account
that the second term in the r.h.s. herefas kg is much smaller than the first one, we
obtain the statement of Lemma 30

Proof of Lemma 4. To prove (2.29) we use the variableg’ = —iA* + t#*, (t* € R)

(n=1,...,m)andw’ = —i%“V 4+¢’, (" €R) (v =mg+1,..., p—n)definedin
, U
(2.26) and estimate

|G o (V, U1, A1, U3)]

e2 /N envVN
< Z C]fl(zn)—l’/ Zfdm/]‘[ |dw4|/d?1[ fdfs
N Ly —env/N

kat+ko=k N
GiED a1 — VUTZ _jsts)  ;@aws) @181 | [Ns]—k1
1’Nl H } 1 U N N N
¢ N0 > e p—
VU2 + %+ N-L(uy, ug)
1.5 ap — VUT2 _jWaiy)  @awa) (w1.81) N—[N8]—kz
[ o )
" VUZ+ A+ N-L(ua, us)
R @, D) exp — Iy (@1, 72) + NV = 3G, )
1 U? 1
—N—k(—?,? V2 4 (s ) 3.25
( ) 2N( 3,13) 2 + 2N (Wa, Wa) ( )

e* U2
= D@ @ + (1. 72) — (Ra. %) + (. T9) = NV2— + 0(@a, Ta) )|
2 U2

Here we considef,, ; as the sum of terms, in whigh remainder function® ™ come
from the first[§ V] factors in (2.25) and, of R" come from the lasN — [§N] ones.
Sincek = o(N) we have thak; 2 = o(N) andC,’j1 = 2N

Now we use (2.10) foff,, , 5 and the inequalities

p 14
1%
IN~ (s, wa)| < N Leyv/N § u’| + — § |
L NU “
=p—n+1 v=p—n+1

4 1/2,

3 Vv (3.26)
<ney +n5£N < constsN ;

0 < N Y(ug, itg) = U — U? < neth <3,

which are valid since: < 3&5/2, lu’] < e2+/N (see formula (2.14)) anf”| <
eny/N + Llu’| (v = p—n +1,.... p). Besides, expy[(h, 21) + NVZg—i]} <

*

eNeonsty — o(N) hecause of the chosen boundsigandV . Then, using the inequality

Hy () < H(x), (3.27)
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and the fact that1 » = o(N), we get from (3.25),

2 k
(consrg(gx/)U2 +2) J-nNEL /4
7)) P

|Gm,k,n(V9ﬁlaxls ﬁ3)| S
_ e* e*
A(GE(U, V., 71, 7)Y exp{ - L) - N?NUZ n No(l)}
N—k—nr_ _ (it3, 13)*
di1ds duse - |(f3,13) — ———
/ 1 3/ ug xp{ 5N [(3 3) N(U2+/\)]

- —((tl, 1) + (13, 13) + (ua, u4))}

(3.28)

Here the terng constglz\,«/U2 + M)¥is due to Lemma 2 and the last line of (3.26), and the

terme—"Néx/4is due to the integration with respectiiq. On the other hand, we should
note that in fact integrals with respégtandii4 can give us only const)” " (s}k\,)’(”‘”’)

as a multiplier. Sincen,n = o(N| Iogsj‘\,l‘l), we take it into account a&®). Our
main problem is to estimate the integral with respgctecause it contains almogt
integrations. To perform this mtegratlon let us note that it is of the Gaussian type with the

matrix of the formA = (I — P ), Wherel is a unit matrix andP,, is the orthogonal
projector on the normallzed vectefﬁ—u. Since such a matrii has(p m—n-—1)

eigenvalues equalto1land onIy one eigenvalue equaJ , the integration

Us+A U2 2’
with respect ta3 gives us(2n) ~ const. Thus we obtain (2.29)0

Proof of Proposition 1. It follows from (2.39) that

log |G%, (U, V, w1, A(U, V, u1))|

< N[o(l) —UV + %Vz] +C(U, V) — DU, V), 1), (3.29)

where
a1—h-UV a—h—-UV
CU,V)=NSlogH(——F——)+ N1 -9 logH(—F—=——
; VU? + 4 J ( JUZ+ A )
On the other hand, using that(x) < 1, we get
(1,€7) - -
a12—h—VU — =2\ @ép G181 oy
a H )
U2+ 2
Therefore, taking in (2.28)* = u* we obtain
* — — 1.2 1_
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Inequalities (3.29) and (3.30) give us
log |G, (U, V, 11, 21U, V, 1))
1, . 1
< N(o(l) —UV 43V ) + min [C(U, V) = D(U. V)@, ;= @, ul)].
(3.31)

Now, applying the Laplace method, we get
/de* W, V.7, T2, Vi) exp| - 2 i(uﬂ)z}
m > Vo ’ > Vo 2 4
l,(,:

1.5
< exp{N( AR 0(1))
+ max min[C(U, V) — D(U, V)@@, w); —3@,@]]. (3.32)
(u1,u1) 2

But since both functions inthe r.h.s. of (3.32) are linear ones with respeéct,t@1), one
can find the maximum value explicitly. It is just the intersection point of two functions
y = —3xandy = C(U, V) — D(U, V)x. Itis easy to see that
CU,V) c,V)
Xint=——"—"—"7""—"", int = ——————.
"= T0s—pw,v)y "™T1-2DW,V)
Substitutingyint in (3.32) we get the statement of Proposition &1

Proof of Proposition 2. The inequalityV (U) < U follows easily from (2.48), if we take
into account, thati (x) > 0. To prove tha¥/ (U) > ./a we use the inequalities:

0<A(x)<l1l, Ax+y)<AX)+y<1l4+y (x<0, y>DO0). (3.33)
From the relations
—x2/2
2oz (¢
o0

V2 H(x)x < / te_’z/zdt = e—x2/2’

Al(x) = —x2/2 _ x\/ZH(x)),

it is easy to derive thad’(x) > 0. To get the upper bound fe¥' (x) let us introduce the
function¢ (x) = log H (x) + % Using the identities

6 (x) = log /0 h %e—’x—’z/z, ¢"(x) = ((t — (1)0)2)x = O,
S et 2y

OOO e—1x—12/2¢
The last bound in (3.33) can be obtained as

where(...), = , we obtainthatd’(x) =1 - ¢"(x) < 1.

A Fy) S AW +y max |A(5)] < A +y.
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Taking into account, that (x) < \/g < 1forx < 0, we getthe lastinequality in (3.33).

Now from the boundA’(x) < 1 we get that the r.h.s. of (2.48) is an increasing
function with respect t&/. Thus, to prove Proposition 2 it is enough to prove that

U>\/5+8A<a—Ui_p—\/§)+(1—5)A(¥—\/E), (3.34)

for U > 2./a. Here and below we denoje= 1 — 26.
Using the last inequality in (3.33) with = —./a andy = *Z2 to estimate the first
A, we get

aA(“;;p f)+(1—5)A<——f)
Ul -
<8(%+1> 0'3m (3.35)

0.3
= 8( 2j‘p l> 1T oU(a)

=0.3U(1+ O()) + o(a?).

Here in order to estimate the secofith (3.34) we have used the bound maxd (—x) <
0.3, which can be easily checked numerically. It implies

— 0.3
A(=" ‘“L*/&U)<o.3 v____ 9
U p—a+2«x 14 0()

So, ifU > 2\/a, then
U > Ja+03U1+ 0@)) + o(a?), (3.36)

and (3.34) is valid. Thus, we have finished the proof of Proposition2.

Proof of Proposition 3. Since for anyg > ¢ C(g) C ﬂ[‘w {x > ¢}, on the basis of
Theorem 1, we have got

Prob{ Uieg C(q)}
<exp{Nmaxmin]-‘D(U Via,8,q —oo)—glogaJrg}. (3.37)
- vso vy S0 T T 2 2
Let us denote

folU,V;q,a,8) = Fo(U,V;a,8,q,—00) + = loga+ + C*(8)

2
oW, Vig.a8) =21 24 e -
Vig,a, )—209a+2+C(5)+alogU uv
N v_2 N (SlogH(a;U*1 -V)

2 1-2D(U, V)
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and consider

mUamein foU, Vi, a,8) < maxfoU, U g, . 9)
5 a¥ o
< max{«lo U—U22———1—U2] —lo
+ 24 CH0) > —oo,

2
(3.38)

2
asaj — oo. Here we have used the inequality lHgx) < —% (x > 0). Similarly, for

fPW,V;q,a, 8),whenD(U, V) < 0 we have the bound

maxminf (U, Vi ¢, ,8) = max (U, Us g, . 5)

< max{alogU — U?/2 i A@iU ™ ~U)
= M9 2 20+ (1-8)A@U-1-1)
— %Ioga—i—%—i—c*(c?) < ml?x{alogU—Uz/Z (3.39)
—U—z p-U* —Zloga + = + C*(8) — —= log 2+ C*(8)
2 pA—0)+U2(1+0)| 299" 3 2 %9 '

Here we have used the inequalities légr) < —A(x)%/2 (x > 0) andA(x) > x. Thus,
inequalities (3.38) and (3.39) under conditighs: 0.6«%, o < 0.113 prove the first
statement of Proposition 3. Besides, (3.39) shows that it is enough to studgyoBince
maxy miny fo(U, V; g, «, §) for fixed p increases witlv ands, to prove the second
statement of Proposition 3 itis enough to check tharfer 0.113,6 = §max = 0.00645
andqg = go + 28min — 26max = 0.126 mayy miny fo(U, V; q,«,8) < 0. We do this
numerically. Thus, we obtain the statement of Propositionc3.

Proof of Proposition 4. Let I = Iy x Iy x I; C R3 with Iy = [U1, Usl, 1y = [oe1, 2]
andl, = [0, go]. Denote byV (U, ¢, o) the point of minimum ofFo(U, V; «, 8, g, —q)
and byU (g, @) the point of maximum ofb (U, ¢, «). Let us note that during the proof
of Proposition 4 the variablgis fixed. So here and below we ondias an argument of
the functionsbd and®g.

The first statement follows from the relations:

Ug,a) e Iy (g ely, acly),

3.40
®U,q,0) <®U,0,a) < ®(U,0,a2) < P(U(0,2),0,a2) <0. ( )
To prove the first line of (3.40) it is enough to check thaf in
3%d 3%d
>0, >0, 0<g <gqp, 0071<a <0113, 3.41
2Uda = quag = O=a=w * 9 (3.41)
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because in this case we have for ang I, o € I,

ad

0=—
aUu

(U1, 0, ar1) a(D(U ) 8®(U )
< — < —
1, Y, 01 aU 1,617051 aU 17Q5O{ )

0= ( q ) ( q ) ( )
— (U2, qo, a2) > — (U2, q, x >—U,6],O[,
Yii 2,40, ¥2 Yii 2 2 U 2

and thusUy; = U (0, a1) < U(q,a) < U(qgo, «2) = U>. Note, that for our choice of
0.0035< § < 0.00778, 071 < @ < 0.1133 and 0< ¢ < go < 0.13 we get, that
0.25< U1 < Uy < 0.41.

Let us prove (3.41). To this end we write

P2e  ?Fy |, 9%Fo
aUda _ 9Uda | *3UdV’
2o 92F , #%2Fo

aUdg  aUdg = 49U3V’

(3.42)

whereFo(U, V; a,8,q) = Fo(U, V;a, 8, q, —q)—%loga+5 anqu’,a are the deriva-
tives with respect tqg andw of the functionV (U, ¢, «) defined above. By the standard

method, from the equatio%}%(U, V(g,a)) = 0 we get

(82.7:"0)—1 32Fo V= _(82.7:"0)—1 32Fy

V= —(— , =—(— .
V2 aVaa a V2 aVagq

o

(3.43)

Now let us find the expressions for the derivatives of the funcfign

827:‘0 2 . 2 82-7}0 ’ /
=z =1-8U°A] — (1-8)U®A, > 0; Wz_aAl_(l_S)A2<o;
32Fo 1 92 Fo
= = _SAL —(1-8)A, <0, =8UA + (1L—8)UA, > 0;
9a2 20 1— (=943 < Voa 1+ (3 =)U4; >
P2Fy 1 8 (1—5)

=—+—A Ao+ 8ai Ay + (1 — 8)aiAb;
YT U+U 1+ o 2+ 8a37 A7+ ( Jaz Ay
2Fy 8 1-26) 8 (1-96)

= —A1 — A - *A/ - *A/’
oUdg U 1 U 2+Uf11 1 az
82ﬁo
SOy = L daiAL— (L-dazAy; (3.44)
9% F

O —SUA} — (1-8)UAY,;

Vg

whereA » are defined in (1.20) and
1 aj, ai, Vv
’ E—A/<—'—V)=A App— 22 —>,
12= 72 U 1,2( 12= 72 + U

with function A(x) defined by (1.19). We recall here, that from definition (1.15), it
follows that

1<aj <125 -11<a; <—-0.85 (3.45)
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Let us note also, that fa¥ < U, < 0.41,

1 as 1 5
I T oA (22
0< A, = U2A<U) U2A<U2) <07 (3.46)
Thus,
92 F 9% F
0 -0 % <o, (3.47)
AU da AUV

29
and using (3.42)—(3.47), we can see immediatelyggag— > 0. To obtain the second
o
inequality in (3.41) we write, using (3.44)—(3.47),

2
—% 1+ 8ajA} 1412502
32.F — 2 — —U2AL) —
7 S @—5)A—-U24Y ~ (1-86)1— U?Ap)

15,

where we have used also tiatA] , < 1, bounds (3.45) faz} , and 025 < U < 0.41.
Then, ’ ’

82@ 9 .7'-0
= TV (5U A} — (1— 8)U A)
aaqg 2%
V2
8 1-26) s .., (1-9)
+ UAl — U A2 + ECIIA]_ — U a;A/z
1— 1-3
- i )[AZ(— _1502) — Ag] > )[O.SA’Z—AZ]
(-84 ag |V
- O'ST[(AZ vzt U) 2] >0

Thus, we have finished the proof of the first line of (3.40).
To prove the second line we use the simple statement

, 3%g 32 fo
Remark 6. If fo(x) = min, g(x, y) andﬁ <0, then alsoa— <0.
X

This statement can be easily proved on the basis of the characteristic property of the

concave function (x1) er fx2) < f(xl+x2>.

2

: . 92D
Then on the basis of the second line of (3.44) we get automatlcallyéthgtg 0.
o
Therefore, using (2.68) and (3.41), we get

od od o0
0<—(U1,0,a2) < —(U,0,a2) < — (U, 0, ).
Ja Jda oa

And so

®WU,0,a) < ®U,0,ar) < ®U(0, a2),0,a) < 0. (3.48)



176 J. Feng, M. Shcherbina, B. Tirozzi

. R .
Now, observing thafta—2 < 0 (see Remark 6), we conclude that the second line of (3.40)
follows from (3.48), if we prove also that fa&r € Iy, « € I,

@
a—(U, 0,) <O0. (3.49)
dq

: 92D .
But since we have proved above t% > 0 it is enough to prove (3.49) only for
q
U = Us.
The second inequality in (2.68) implies that

A2(U>, 0, a) 1)

. 3.50
AUz 00 1-8 (350
But
Lhz_(L_yyhe(de_ A
da A1 U ¢ A1 \Ap A
= (2 - V) 22(Aw2) — 32— (A — )

*

a
wherexy 2 = # —V(U,q,a). SinceA(x) — x is a decreasing function (see (3.33))

andU~! — V! > 0 (see (3.43) and (3.44)), we have got that
Az(Up,0,0)  A(U,0,a2) s RLo

2 Ur.0.a) < 0.
AUz.0.0) = AyUs Ocp) ~1-8 & agV20® =

Thus we have proved the first statement of Proposition 4.

Now we are left to prove that inequalities (2.68) and (2.69) implies (1.29). To this
end it is enough to check that fér< k.o? andU > Ja, D(U, V(U)) > 0, because in
this case we have th&®) (U, V (U)) = Fo(U, V(U)) (U > /a) and so

max FO (U, V(U): q. —q. a.8) + C*(8) — 2 loga + = = max ®(U. q.a, ).
UZ\/&(()qq) ()zgzUzﬁ(q)

ForU > 0.5 evidentlyD(U, V(U); 8) > 0. ForQ5 > U > ./a we have

DU, V(U); 8) > D(Ja, V(Va); §)
> D(Va, V(Va); kea®) = D(Jae, V(J/@); 8.).

So, checking numerically tha (/e V ({/,); 8.) > 0 we finish the proof of Propo-
sition4. O
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